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Perturbation Technique for Non-Self-Adjoint Systems
with Repeated Eigenvalues

J. K. Liu¤

Zhongshan University, 510275 Guangzhou, People’s Republic of China

The reanalysisofnon-self-adjointsystems is computationallyvery expensive in the design of structural dynamics.
An effective, even if approximate, evaluation of the eigensolutions of a modi� ed system is valuable to designers.
In a paper by Meirovitch and Ryland (Meirovitch, L., and Ryland, G., “A Perturbation Technique for Gyroscopic
Systems with Small Internal and External Damping,” Journal of Sound and Vibration, Vol. 100, No. 3, 1985, pp.
393–408), a perturbation technique was used to derive the perturbed solutions of a damped gyroscopic system
with distinct eigenvalues. That approach is extended to the case of systems with repeated eigenvalues. A numerical
example is presented to verify the present method, and satisfactory results are observed.

Nomenclature
A = m £ m matrix; see Eq. (34)
NC = n £ n real symmetric damping matrix;

see Eq. (1)
ci j = complex coef� cients to be determined
di j = complex coef� cients to be determined
Exi ; Eyi ; E¸i = relative errors; see Eqs. (39)
NG = n £ n skew symmetric gyroscopic matrix;

see Eq. (1)
NH = n £ n skew symmetric circulatory matrix;

see Eq. (1)
I = identity matrix
K ; K0; K1 = 2n £ 2n real general matrices;

see Eqs. (3) and (7a)
NK = n £ n real symmetric stiffness matrix;

see Eq. (1)
M; M0; M1 = 2n £ 2n real general matrices;

see Eqs. (3) and (7b)
NM = n £ n real symmetric mass matrix; see Eq. (1)

m = multiplicity of eigenvalues
n = number of degrees of freedom for a system
P = m £ m matrix; see Eq. (34)
p.k/ = kth vectors to be determined; see Eq. (29)
Q = m £ m matrix; see Eq. (34)
q.k/ = kth vectors to be determined; see Eq. (29)
xi = i th right eigenvector
x.k/

0 = kth vectors to be determined; see Eq. (28b)
yi = i th left eigenvector
y.k/

0 = kth vectors to be determined; see Eq. (28a)
1xi ; 1yi ; 1¸i = differences between the eigensolutions;

see Eqs. (38)
±i j = Kronecker delta
" = small parameter; see Eqs. (7)
3 = m £ m matrix; see Eq. (34)
¸i = i th eigenvalue
Áx ; Áy = subspace matrices; see Eqs. (29)
j ¢ j = modulus of a complex number

Subscripts

0; 1; 2 = corresponding to the original system and the
� rst- and second-orderperturbations,
respectively
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Superscripts

H = conjugate transpose
m i = index indicating the element of xi0 with the

largest modulus
T = transpose

Introduction

I N the dynamic design of structural systems, a so-called iterative
design/analysis process is generally carried out until a satisfac-

tory outcome is achieved to satisfy a variety of requirementsof the
structuraldynamics.Because a full dynamic analysis for a structure
is expensive and time consuming, investigators welcome methods
that enable a quick evaluationof the changes in the dynamiccharac-
teristics as a result of the changes in the system parameters, which
may be due to design modi� cations or improved knowledge of the
system.The perturbationtechniqueis one of the most powerful tools
that allow one to obtain the results of the modi� ed structures with-
out having to repeat the entire cycle of the dynamic analysis if the
changes are small.

For self-adjoint systems, several researchers have worked on the
perturbation analysis of a modi� ed design.1 – 4 Now perturbation
techniques are well developed for systems with distinct, repeated,
or closely spaced real eigenvalues. However, many systems give
rise to general non-self-adjoint formulations. Important examples
are aeroelastic stability of structures and arbitrarily damped or gy-
roscopic systems. Non-self-adjointsystems differ from self-adjoint
systems in two ways, namely, they cannot be described by a sin-
gle real symmetric matrix, which implies that the eigensolutions
are complex for the most part, and solutions of the equations of
motion require a state-space description, where the left and right
eigenvectors (usually complex) are needed for the so-called decou-
pling. Courant and Hilbert5 � rst studied the perturbation of eigen-
solutions of a general matrix. Meirovitch and Ryland investigated
the perturbation technique for gyroscopic systems with small inter-
nal damping6 and with external damping.7 Meirovitch8 studied the
perturbationof the eigenvalue problem for general matrices. These
studies are limited to the case of distinctcomplex eigenvalues.How-
ever, the situation of repeatedcomplex eigenvaluesquite frequently
occurs in those engineeringstructureswhose structuralstiffnessand
mass are the same in two perpendicular coordinate directions, e.g.,
circular cross-sectional shafts, three-dimensionalsymmetric struc-
tures,etc.On the other hand, in some sense, thereexists an imperfec-
tion in the derivation of two coef� cients in the complex expansions
adopted in Refs. 5–8. This will be demonstrated and improved in
the subsequent analysis.

To this end, in the present paper, extensions are made to the
perturbation procedure for non-self-adjoint systems. These allow
the computation of perturbed eigensolutions for the systems with
repeated complex eigenvalues. The derivations follow the lines of
those of Refs. 5 and 8.
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Fundamental Equations
The free vibration equations of motion for a general non-self-

adjoint n-degree-of-freedom system can be written in the matrix
form7;8

NM Rq C . NC C NG/ Pq C . NK C NH /q D 0 (1)

where q is the n £ 1 column vector of generalized coordinates.
To explore the system characteristics, it is necessary to express

Eq. (1) in state-spaceform. Of course,there are specialcasesof non-
self-adjointsystems that can be treated in the con� gurationspaceby
the classicalmodal analysis,but here the interest lies in systems that
do not lend themselves to such a treatment. To this end, we adjoin
the identity Pq D Pq and rewrite Eq. (1) in the following state form:

K0x D M0 Px .2/

where x D [ PqT ; qT ]T is the 2n-dimensional state vector and

K0 D
¡. NC C NG/ ¡. NK C NH /

I 0
; M0 D

NM 0

0 I
(3a)

or

K0 D
NM 0

0 ¡. NK C NH /
; M0 D

0 NM
NM NC C NG (3b)

The right and left eigenvalue problems of the original (unper-
turbed) system represented by Eq. (2) are

K0xi0 D ¸i0 M0xi0; i D 1; 2; : : : ; 2n (4a)

K T
0 yi0 D ¸i0 M T

0 yi0; i D 1; 2; : : : ; 2n (4b)

The left and right eigenvectorsare biorthogonaland can be normal-
ized so as to satisfy

yT
i0 M0xj0 D ±i j ; i; j D 1; 2; : : : ; 2n .5/

Obviously, Eq. (5) does not render the eigenvectors xi0 and yi0

uniquely. It must be emphasized that, if the eigenvectors are not
unique, neither are their perturbations. Therefore, in this respect,
there is an imperfection in Refs. 5–8 because two coef� cients in
modal expansionsare not uniquelydetermined.To avoid this weak-
ness, a normalization condition has to be imposed to obtain unique
eigenvectors. Murthy and Haftka9 presented a valuable discussion
concerningthis subject.Now let us considera normalizingcondition

x.m i /

i0 D 1; i D 1; 2; : : : ; 2n (6)

where the index m i can be chosen such that jx.m i /

i0 j D
max j D 1 » 2n jx. j/

i0 j and x.m i /

i0 and x. j/
i0 are the m i th and j th elements of

xi0 , respectively.
The design changes in a structural system may be re� ected by the

changes in the mass, damping, stiffness, or gyroscopic matrices in
Eq. (1). Regardless of the reasons, the net effect is that the matrices
K0 and M0 in Eq. (2) are different from the original ones. Because
these changes are usually small compared to the entire system, the
two updatedmatrices relative to those in Eq. (2) can be expressedas

K D K0 C "K1 (7a)

M D M0 C "M1 (7b)

respectively,where "K1 and "M1 are the correspondingchangesand
are small relative to K0 and M0 .

By analogy with Eqs. (4) and (5), the perturbed eigenvalueprob-
lems have the form

K xi D ¸i Mxi (8a)

K T yi D ¸i M
T yi (8b)

where ¸i ; xi , and yi , i D 1; 2; : : : ; 2n, are the perturbedeigenvalues,
right eigenvectors, and left eigenvectors, respectively. The corre-
sponding normalization condition and biorthogonalityproperty are

x.m i /

i D 1; i D 1; 2; : : : ; 2n (9a)

yT
i Mxj D ±i j ; i; j D 1; 2; : : : ; 2n (9b)

respectively.
Accordingto theperturbationtheory,theperturbedeigensolutions

can be expressed as the analytical function of ":

¸i D ¸i0 C "¸i1 C "2¸i2 C ¢ ¢ ¢ ; i D 1; 2; : : : ; 2n (10a)

xi D xi0 C "xi1 C "2xi2 C ¢ ¢ ¢ ; i D 1; 2; : : : ; 2n (10b)

yi D yi0 C "yi1 C "2yi2 C ¢ ¢ ¢ ; i D 1; 2; : : : ; 2n (10c)

Inserting Eqs. (10) into Eqs. (8), considering Eqs. (7), collecting
coef� cients of the same power of ", and ignoring third-order terms
in the perturbations,we obtain for function "1

K0xi1 C K1xi0 D ¸i0 M0xi1 C ¸i0 M1xi0 C ¸i1 M0xi0

i D 1; 2; : : : ; 2n (11a)

K T
0 yi1 C K T

1 yi0 D ¸i0 M T
0 yi1 C ¸i0 M T

1 yi0 C ¸i1 M T
0 yi0

i D 1; 2; : : : ; 2n (11b)

and for function "2

K0xi2 C K1xi1 D ¸i0 M0xi2 C ¸i0 M1xi1 C ¸i1 M0xi1

C ¸i1 M1xi0 C ¸i2 M0xi0; i D 1; 2; : : : ; 2n (12a)

K T
0 yi2 C K T

1 yi1 D ¸i0 M T
0 yi2 C ¸i0 M T

1 yi1 C ¸i1 M T
0 yi1

C ¸i1 M T
1 yi0 C ¸i2 M T

0 yi0; i D 1; 2; : : : ; 2n (12b)

Introducing Eq. (10b) into Eq. (9a), considering Eq. (6), and ne-
glecting third-order quantities, we have for function "1

x.m i /

i1 D 0; i D 1; 2; : : : ; 2n (13a)

and for function "2

x.m i /

i2 D 0; i D 1; 2; : : : ; 2n (13b)

Substituting Eqs. (10b) and (10c) into Eq. (9b), employing Eq. (5),
and neglecting third-order quantities, we have for "1

yT
i0 M0xi1 C yT

i1 M0xi0 C yT
i0 M1xi0 D 0; i D 1; 2; : : : ; 2n

(14a)

and for "2

yT
i0 M0xi2 C yT

i1 M0xi1 C yT
i0 M1xi1 C yT

i1 M1xi0 C yT
i2 M0xi0 D 0

i D 1; 2; : : : ; 2n (14b)

Up to this stage, we have obtainedall of the necessary fundamen-
tal equations for the analysis.

Perturbed Eigensolutions in the Case
of Distinct Eigenvalues

Expanding the � rst-order perturbed eigenvectors in the original/
unperturbed eigenvectors as follows:

xi1 D
2n

j D 1

ci j1x j0; i D 1; 2; : : : ; 2n (15a)

yi1 D
2n

j D 1

di j1y j0; i D 1; 2; : : : ; 2n (15b)

substituting Eq. (15a) into Eq. (11a), premultiplying by yT
j0 , and

using Eq. (5), we have

ci j1.¸ j0 ¡ ¸i0/ C yT
j0.K1 ¡ ¸i0 M1/xi0 D ¸i1±i j (16)
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Letting i D j , we obtain the � rst-order eigenvalue perturbations

¸i1 D yT
i0.K1 ¡ ¸i0 M1/xi0; i D 1; 2; : : : ; 2n (17)

On the other hand, for i 6D j , we obtain

ci j1 D
yT

j0.K1 ¡ ¸i0 M1/xi0

¸i0 ¡ ¸ j0
; i; j D 1; 2; : : : ; 2nI i 6D j (18)

InsertingEq. (15b) into Eq. (11b) and postmultiplyingthe transpose
of the sequent equation by xi0, we have di j1.¸ j0 ¡ ¸i0/ C yT

i0.K1 ¡
¸i0 M1/x j0 D ¸i1±i j . For i D j , we once again obtain ¸i1; for i 6D j ,
we obtain

di j1 D yT
i0.K1 ¡ ¸i0 M1/xj0

¸i0 ¡ ¸ j0
; i; j D 1; 2; : : : ; 2nI i 6D j (19)

It is evident that cii1 and dii1 remain unknown. In Refs. 5 and 8,
the two coef� cients are omitted; in Refs. 6 and 7, they are de� ned
under the assumption of ci i1 D dii1 . These two treatments are not
always mathematically strict. To improve this situation, now let us
determine ci i1 and dii1 via Eqs. (6) and (9a).

Premultiplying Eq. (15a) by yT
i0 M0 and considering Eq. (5), we

have

cii1 D yT
i0 M0xi1; i D 1; 2; : : : ; 2n (20)

Postmultiplying the transpose of Eq. (15b) by M0xi0 and using
Eq. (5), we have

dii1 D yT
i1 M0xi0; i D 1; 2; : : : ; 2n (21)

Substituting Eqs. (20) and (21) into Eq. (14a), we obtain

ci i1 C dii1 D ¡yT
i0 M1xi0; i D 1; 2; : : : ; 2n (22)

In view of Eq. (13a) and considering Eq. (6), we have

cii 1 D ¡
2n

j D 1; 6D i

ci j1x.m i /

j0 ; i D 1; 2; : : : ; 2n (23)

Substituting Eq. (23) into Eq. (22), we obtain

dii1 D
2n

j D 1; 6D i

ci j1x.m i /

j0 ¡ yT
i0 M1xi0; i D 1; 2; : : : ; 2n .24/

Synthesizing Eqs. (15), (17–19), (23), and (24), we obtain the
whole � rst-order perturbationsas follows:

¸i1 D yT
i0 K1 ¡ ¸i0 M1 xi0; i D 1; 2; : : : ; 2n (25a)

xi1 D
2n

j D 1; 6D i

yT
j0.K1 ¡ ¸i0 M1/xi0

¸i0 ¡ ¸ j0
x j0 ¡ x.m i /

j0 xi0

i D 1; 2; : : : ; 2n (25b)

yi1 D
2n

j D 1; 6D i

yT
i0.K1 ¡ ¸i0 M1/x j0

¸i0 ¡ ¸ j0
y j0

C
2n

j D 1; 6D i

yT
j0.K1 ¡ ¸i0 M1/xi0

¸i0 ¡ ¸ j0
x.m i /

j0 ¡ yT
i0 M1xi0 yi0

i D 1; 2; : : : ; 2n (25c)

To compute ¸i2; xi2 , and yi2, we � rst expand xi2 and yi2 in xi0 and
yi0:

xi2 D
2n

j D 1

ci j2x j0; i D 1; 2; : : : ; 2n (26a)

yi2 D
2n

j D 1

di j2 y j0; i D 1; 2; : : : ; 2n (26b)

Using the same pattern and working with Eqs. (12), (13b), (14b),
and (26), we conclude that the second-orderperturbationshave the
form

¸i2 D yT
i0.K1 ¡ ¸i0 M1 ¡ ¸i1 M0/xi1 ¡ ¸i1yT

i0 M1xi0

i D 1; 2; : : : ; 2n (27a)

xi2 D
2n

j D 1; 6D i

yT
j0[.K1 ¡ ¸i0 M1 ¡ ¸i1 M0/xi1 ¡ ¸i1 M1xi0]

¸i0 ¡ ¸ j0

£ x j0 ¡ x.m i /

j0 xi0 ; i D 1; 2; : : : ; 2n (27b)

yi2 D
2n

j D 1; 6D i

yT
i1.K1 ¡ ¸i0 M1 ¡ ¸i1 M0/x j0 ¡ ¸i1yT

i0 M1x j0

¸i0 ¡ ¸ j0
y j0

C
2n

j D 1; 6D i

yT
j0[.K1 ¡ ¸i0 M1 ¡ ¸i1 M0/xi1 ¡ ¸i1 M1xi0]

¸i0 ¡ ¸ j0
x.m i /

j0 yi0

¡ yT
i1 M0xi1 C yT

i0 M1xi1 C yT
i1 M1xi0 yi0

i D 1; 2; : : : ; 2n (27c)

Perturbed Eigensolutions in the Case
of Repeated Eigenvalues

When the solution of Eqs. (4) produces m repeated eigenval-
ues, i.e., ¸i0 D ¸.i C 1;0/ D ¢ ¢ ¢ D ¸.i C m ¡ 1;0/ ) ¸0, then computation
of perturbations of the eigensolutions is not straightforward. The
complicationis related to the left and right eigenvectorscorrespond-
ing to the repeated eigenvaluesnot being unique. In fact, an in� nite
number of linear combinations of the eigenvectors, e.g.,

y.k/

0 D
i C m ¡ 1

j D i

p.k/

j y j0 D Áyp.k/ (28a)

x.k/

0 D
i C m ¡ 1

j D i

q.k/

j x j0 D Áx q.k/ (28b)

will satisfy Eqs. (4), where k D 1; 2; : : : ; 1; coef� cients p.k/

j and
q.k/

j are to be determined and

Áy D yi0; y.i C 1;0/; : : : ; y.i C m ¡ 1;0/

p.k/ D p.k/

i ; p.k/

iC1; : : : ; p.k/

i C m ¡ 1

T

(29)
Áx D xi0; x.i C 1;0/; : : : ; x.i C m ¡ 1;0/

q.k/ D q.k/

i ; q.k/

iC1; : : : ; q.k/

i C m ¡ 1

T

Substitution of y.k/

0 and x.k/

0 in Eqs. (28) for yi0 and xi0 in Eqs.
(10) and considerationof alternating the associated superscript and
subscript indices yields

¸ j D ¸ j0 C "¸ j1 C "2¸ j2 C ¢ ¢ ¢ ; j D i; i C 1; : : : ; i C m ¡ 1

(30a)

x j D x. j/
0 C "x j1 C "2x j2 C ¢ ¢ ¢ ; j D i; i C 1; : : : ; i C m ¡ 1

(30b)

y j D y. j/
0 C "y j1 C "2y j2 C ¢ ¢ ¢ ; j D i; i C 1; : : : ; i C m ¡ 1

(30c)

Comparison of Eqs. (30b) and (30c) with Eqs. (10b) and (10c) re-
veals that the only difference lies in the � rst terms on the right-hand
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sides. Substituting Eqs. (15) into Eq. (11a), considering the alter-
nations of the associated indices, and premultiplying the sequent
equation by yT

k0 , we obtain

yT
k0.K0 ¡ ¸ j0 M0/

2n

l D 1

c jl1xl0 C yT
k0.K1 ¡ ¸ j0 M1/Áx q. j /

D ¸ j1yT
k0 M0Áx q. j/

j D i; i C 1; : : : ; i C m ¡ 1; k D 1; 2; : : : ; 2n (31)

By considering Eqs. (5) and (28b), Eq. (31) is changed to a new
m-order standard eigenvalue problem:

AQ D Q3 .32/

Similarly, working with Eqs. (5), (11b), (15), and (28a), we obtain
the adjoint eigenvalue problem of Eq. (32):

AT P D P3 .33/

where

A D ÁT
y .K1 ¡ ¸0 M1/Áx ; P D p.i/; p.i C 1/; : : : ; p.i C m ¡ 1/

Q D q.i/; q.i C 1/; : : : ; q.i C m ¡ 1/ (34)

3 D diag ¸i1; ¸.i C 1;1/; : : : ; ¸.i C m ¡ 1;1/

Substituting Eqs. (30b) and (30c) into Eqs. (9) and considering
Eqs. (5) and (6), we have

q. j/ T
ÁT

x Áx q. j/ D 1; j D i; i C 1; : : : ; i C m ¡ 1 (35a)

p. j / T
q. j / D 1; j D i; i C 1; : : : ; i C m ¡ 1 (35b)

which are the associatednormalizationconditionscorrespondingto
Eqs. (32) and (33), respectively.

Solving Eqs. (32) and (35a), we obtain ¸ j1 . j D i; i C 1; : : : ; i C
m ¡ 1/, which are the � rst-order perturbations of the m repeated
eigenvalues. Meanwhile, we obtain the unique m right eigenvec-
tors q. j/ , i.e., the m coef� cient vectors to be determined. Solving
Eqs. (33) and (35b), we obtain ¸ j1 once more and the unique m
left eigenvectors p. j/. In fact, considering Eqs. (28), we uniquely
determine the eigenvectorsx. j/

0 and y. j/
0 in Eqs. (30) corresponding

to the repeated eigenvalues in the unperturbed system.
As was already pointed out, Eqs. (30) are the same as Eqs. (10)

in form. Therefore, with the knowledge of x. j/
0 and y. j/

0 in Eqs. (30),
the same solution procedure can be performed as discussed in the
precedingsection. In the perturbedeigensolutionsfor distincteigen-
values, i.e., in Eqs. (25) and (27), if j; k D i; i C 1; : : : ; i C m ¡ 1,
only two substitutionsare required:

xj0 .or xk0/ ! x. j/
0 or x.k/

0 ; yj0 .or yk0/ ! y. j /
0 or y.k/

0 (36)

thus giving the perturbations for the case of repeated eigenvalues.
Moreover, at this time the notation

2n

j D 1; 6D i

in Eqs. (25) and (27) indicates j D 1; 2; : : : ; 2n, but j 6D i; i C 1;
: : : ; i C m ¡ 1 because of the m repeated eigenvalues.

Illustrative Example
The equations of motion of the system given in Fig. 1 are

m1 Rq1 C c1 Pq1 C .k1 C k/q1 ¡ kq2 D 0

(37)

m2 Rq2 C c2 Pq2 C .k2 C k/q2 ¡ kq1 D 0

Table 1 Eigensolutions of the unperturbed system (k = 0)

¸i0 xi0 yi0

¡0.25§ 0.968245i ¡1.11803§ 0.86603i ¡0.22361¨ 0.28868i
1.11803§ 0.86603i 0.22361¨ 0.28868i

0 0
0 0

¡0.25§ 0.968245i 0 0
0 0

¡1.11803§ 0.86603i ¡0.22361¨ 0.28868i
1.11803§ 0.86603i 0.22361¨ 0.28868i

Fig. 1 System with repeated eigenvalues.

Introducingstate variablesx D [ Pq1; q1; Pq2; q2]T , we have K x D M Px,
in which

K D

¡c1 ¡.k1 C k/ 0 k

1 0 0 0

0 k ¡c2 ¡.k2 C k/

0 0 1 0

M D

m1 0 0 0

0 1 0 0

0 0 m2 0

0 0 0 1

Appointing the system of k D 0 to be the unperturbed one, we
have

K0 D

¡c1 ¡k1 0 0

1 0 0 0

0 k ¡c2 ¡k2

0 0 1 0

; "K1 D

0 ¡k 0 k

0 0 0 0

0 k 0 ¡k

0 0 0 0

M0 D M; "M1 D 0

Supposing m1 D m2 D k1 D k2 D 1, c1 D c2 D 0:5, and k D 0, the un-
perturbed eigensolutions obtained by the QR method8 are listed in
Table 1, in which there are two groups of repeatedeigenvalues.Let-
ting k D 0:1, the perturbed eigensolutionsare listed in Table 2. Note
that the eigenvectors are normalized by Eqs. (5), (6), and (9), but
they are presented in the well-known complex-conjugate form in
Tables 1 and 2 through a simple operation. This is merely a matter
of the beauty of mathematics.

Table 3 lists the differences between the eigensolutionsobtained
by the present method (PM) and the QR method. The de� nition of
the differences is

1¸i D .¸i /PM ¡ .¸i /QR (38a)

1xi D .xi /PM ¡ .xi /QR (38b)

1yi D .yi /PM ¡ .yi /QR (38a)

The relative errors of the eigensolutionsare de� ned as

E¸i D
j1¸i j

j.¸i /QRj
£ 100% (39a)

Exi D 1x H
i 1xi

.xi /
H
QR.xi /QR

£ 100% (39b)

Eyi D 1y H
i 1yi

.yi /
H
QR.yi /QR

£ 100% (39c)

The relative errors are also listed in Table 3 in parentheses.
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Table 2 Eigensolutions of the perturbed system (k = 0 1)

Method ¸i xi yi

QR ¡0.25§ 0.96825i ¡0.79057§ 0.61237i ¡0.15811¨ 0.20412i
0.79057§ 0.61237i 0.15811¨ 0.20412i

¡0.79057§ 0.61237i ¡0.15811¨ 0.20412i
0.79057§ 0.61237i 0.15811¨ 0.20412i

¡0.25§ 1.0665i 0.93367¨ 0.49237i 0.18360§ 0.15959i
¡0.63213¨ 0.72725i ¡0.12431§ 0.23571i
¡0.93367§ 0.49237i ¡0.18360¨ 0.15959i

0.63213§ 0.72725i 0.12431¨ 0.23571i
Present ¡0.25§ 0.96825i ¡0.79057§ 0.61237i ¡0.15811¨ 0.20412i
(� rst order) 0.79057§ 0.61237i 0.15811¨ 0.20412i

¡0.79057§ 0.61237i ¡0.15811¨ 0.20412i
0.79057§ 0.61237i 0.15811¨ 0.20412i

¡0.25 § 1.0715i 0.98031¨ 0.53072i 0.18341§ 0.14969i
¡0.66408¨ 0.77567i ¡0.12017§ 0.23134i
¡0.98031§ 0.53072i ¡0.18341¨ 0.14969i

0.66408§ 0.77567i 0.12017¨ 0.23134i
Present ¡0.25§ 0.96825i ¡0.79057§ 0.61237i ¡0.15811¨ 0.20412i
(second order) 0.79057§ 0.61237i 0.15811¨ 0.20412i

¡0.79057§ 0.61237i ¡0.15811¨ 0.20412i
0.79057§ 0.61237i 0.15811¨ 0.20412i

¡0.25§ 1.0660i 0.94489¨ 0.47629i 0.18442§ 0.16058i
¡0.61601¨ 0.73757i ¡0.12371§ 0.23678i
¡0.94489§ 0.47629i ¡0.18442¨ 0.16058i

0.60601§ 0.73757i 0.12371¨ 0.23678i

Table 3 Errors of the perturbed eigensolutions (k = 0 1)

Order 1¸i (E¸i ) 1xi (Exi ) 1yi (Eyi )

First 0 0 0
(0) 0 0

0 0
0 0

(0) (0)
§0.005i 0.04664¨ 0.03835i ¡0.00019¨ 0.00990i

(0.41669%) ¡0.03195¨ 0.04842i 0.00414¨ 0.00437i
¡0.04664§ 0.03835i 0.00019§ 0.00990i

0.03195§ 0.04842i ¡0.00414§ 0.00437i
(5.8587%) (3.4324%)

Second 0 0 0
(0) 0 0

0 0
0 0

(0) (0)
¨0.0005i 0.01122§ 0.01608i 0.00082§ 0.00099i

(0.041669%) 0.01612¨ 0.01032i 0.00060§ 0.00107i
¡0.01122¨ 0.01608i ¡0.00082¨ 0.00099i
¡0.01612§ 0.01032i ¡0.00060¨ 0.00107i

(1.9172%) (0.49247%)

There are two problems not discussed in the paper but that are
worthy of consideration. For many systems, especially for large
complicated structures, quite often it is dif� cult to obtain all of the
eigensolutions. In this situation, truncated modal analysis10 may
need to be performed. On the other hand, some of the non-self-
adjoint systems with repeated eigenvaluesmay be defective,which
requires a more thorough investigation.

Concluding Remarks
From the results as shown in Table 3, it can be observed that,

in the case of repeated eigenvalues, the � rst-order perturbed eigen-
solutions obtained by the present method have suf� cient precision
comparedwith the numericalsolutionscalculatedby the QR method

and that the second-order approximations are nearly equal to the
QR solutions.Therefore, it can be predicted that the presentmethod
will very likely give calculated results suf� ciently accurate for en-
gineering purposes in the case of large complicated structures.
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