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Perturbation Technique for Non-Self-Adjoint Systems
with Repeated Eigenvalues

J. K. Liv*
Zhongshan University, 510275 Guangzhou, People’s Republic of China

The reanalysis of non-self-adjointsystems is computationally very expensive in the design of structural dynamics.
An effective, even if approximate, evaluation of the eigensolutions of a modified system is valuable to designers.
In a paper by Meirovitch and Ryland (Meirovitch, L., and Ryland, G., “A Perturbation Technique for Gyroscopic
Systems with Small Internal and External Damping,” Journal of Sound and Vibration, Vol. 100, No. 3, 1985, pp.
393-408), a perturbation technique was used to derive the perturbed solutions of a damped gyroscopic system
with distinct eigenvalues. That approach is extended to the case of systems with repeated eigenvalues. A numerical
example is presented to verify the present method, and satisfactory results are observed.

Nomenclature
A =m x m matrix; see Eq. (34)
C = n X n real symmetric damping matrix;
see Eq. (1)
Cij = complex coefficients to be determined
d;; = complex coefficients to be determined
Ex;, Ey;, E}; =relative errors; see Egs. (39)
G =n x n skew symmetric gyroscopic matrix;
~ see Eq. (1)
H =n x n skew symmetric circulatory matrix;
see Eq. (1)
1 = identity matrix
K, K, K, = 2n x 2n real general matrices;
_ see Egs. (3) and (7a)
K =n x n real symmetric stiffness matrix;
see Eq. (1)
M, My, M, = 2n x 2n real general matrices;
_ see Egs. (3) and (7b)
M =n x n real symmetric mass matrix; see Eq. (1)
m = multiplicity of eigenvalues
n = number of degrees of freedom for a system
P =m X m matrix; see Eq. (34)
p® = kth vectors to be determined; see Eq. (29)
0 =m x m matrix; see Eq. (34)
q® = kth vectors to be determined; see Eq. (29)
X; = ith right eigenvector
xék) = kth vectors to be determined; see Eq. (28b)
yi = ith left eigenvector
yg‘) = kth vectors to be determined; see Eq. (28a)
Ax;, Ay;, AL; = differencesbetween the eigensolutions;
see Egs. (38)
8ij = Kronecker delta
£ = small parameter; see Egs. (7)
A =m x m matrix; see Eq. (34)
A = ith eigenvalue
v, Oy = subspace matrices; see Egs. (29)
[ -] = modulus of a complex number
Subscripts
0,1,2 = corresponding to the original system and the

first- and second-order perturbations,
respectively
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Superscripts
H = conjugate transpose
m; = index indicating the element of x;, with the
largest modulus
T = transpose
Introduction

N the dynamic design of structural systems, a so-called iterative

design/analysis process is generally carried out until a satisfac-
tory outcome is achieved to satisfy a variety of requirements of the
structural dynamics. Because a full dynamic analysis for a structure
is expensive and time consuming, investigators welcome methods
thatenable a quick evaluation of the changes in the dynamic charac-
teristics as a result of the changes in the system parameters, which
may be due to design modifications or improved knowledge of the
system. The perturbationtechniqueis one of the most powerful tools
that allow one to obtain the results of the modified structures with-
out having to repeat the entire cycle of the dynamic analysis if the
changes are small.

For self-adjointsystems, several researchers have worked on the
perturbation analysis of a modified design.!”* Now perturbation
techniques are well developed for systems with distinct, repeated,
or closely spaced real eigenvalues. However, many systems give
rise to general non-self-adjoint formulations. Important examples
are aeroelastic stability of structures and arbitrarily damped or gy-
roscopic systems. Non-self-adjointsystems differ from self-adjoint
systems in two ways, namely, they cannot be described by a sin-
gle real symmetric matrix, which implies that the eigensolutions
are complex for the most part, and solutions of the equations of
motion require a state-space description, where the left and right
eigenvectors (usually complex) are needed for the so-called decou-
pling. Courant and Hilbert® first studied the perturbation of eigen-
solutions of a general matrix. Meirovitch and Ryland investigated
the perturbation technique for gyroscopic systems with small inter-
nal damping® and with external damping.” Meirovitch® studied the
perturbation of the eigenvalue problem for general matrices. These
studies are limited to the case of distinctcomplex eigenvalues.How-
ever, the situation of repeated complex eigenvaluesquite frequently
occursin those engineering structures whose structural stiffnessand
mass are the same in two perpendicular coordinate directions, e.g.,
circular cross-sectional shafts, three-dimensional symmetric struc-
tures, etc. On the other hand, in some sense, there exists an imperfec-
tion in the derivation of two coefficients in the complex expansions
adopted in Refs. 5-8. This will be demonstrated and improved in
the subsequent analysis.

To this end, in the present paper, extensions are made to the
perturbation procedure for non-self-adjoint systems. These allow
the computation of perturbed eigensolutions for the systems with
repeated complex eigenvalues. The derivations follow the lines of
those of Refs. 5 and 8.



Fundamental Equations

The free vibration equations of motion for a general non-self-
adjoint n-degree-of-freedom system can be written in the matrix
form’-®

MG+ (C+Gq+(K+H)q=0 1)
where ¢ is the n x 1 column vector of generalized coordinates.

To explore the system characteristics, it is necessary to express
Eq. (1) in state-spaceform. Of course, there are special cases of non-
self-adjointsystems that can be treated in the configurationspace by
the classical modal analysis, but here the interest lies in systems that
do not lend themselves to such a treatment. To this end, we adjoin
the identity ¢ = ¢ and rewrite Eq. (1) in the following state form:

K()x = ng (2)
where x =[g”, q"]" is the 2n-dimensional state vector and
—(C+G) —(K+H) M 0
Ky = I 0 , M, = 0o I (3a)
or
M 0 0 M
Ko=lo —k+m| =\ cve] O

The right and left eigenvalue problems of the original (unper-
turbed) system represented by Eq. (2) are
Koxio = dioMoxio, 1,2,...,2n (4a)

i =

K yio = dioMJyio, i=1,2,...,2n (4b)
The left and right eigenvectors are biorthogonal and can be normal-
ized so as to satisfy

,2n (&)

yZE]M()xj():(Sl‘j, l,j: 1,2,...

Obviously, Eq. (5) does not render the eigenvectors x;o and y;o
uniquely. It must be emphasized that, if the eigenvectors are not
unique, neither are their perturbations. Therefore, in this respect,
there is an imperfection in Refs. 5-8 because two coefficients in
modal expansions are not uniquely determined. To avoid this weak-
ness, a normalization condition has to be imposed to obtain unique
eigenvectors. Murthy and Haftka® presented a valuable discussion
concerningthissubject. Now letus considera normalizingcondition

xg =1, i=1,2..,2n (6)

where the index m; can be chosen such that |xfg”)| =
max; _ x| andx{"” and x{) are the m;th and jth elements of
X;0, respectively.

The design changesin a structural system may be reflected by the
changes in the mass, damping, stiffness, or gyroscopic matrices in
Eq. (1). Regardless of the reasons, the net effect is that the matrices
K, and M, in Eq. (2) are different from the original ones. Because
these changes are usually small compared to the entire system, the
two updated matrices relative to those in Eq. (2) can be expressed as

K =K, +¢K, (7a)

M = M, + M, (7b)
respectively,where ¢ K| and e M| are the correspondingchangesand
are small relative to Ky and M.

By analogy with Egs. (4) and (5), the perturbed eigenvalue prob-
lems have the form

le‘ =AiMxi (83.)

KTyi :AiMTyi (8b)
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where A;, x;,andy;, i =1,2,...,2n, are the perturbed eigenvalues,
right eigenvectors, and left eigenvectors, respectively. The corre-
sponding normalization condition and biorthogonality property are

(mj) (92)

x =1,

i

i=1,2,...,2n

¥y Mx; = i,j=12...2n (9b)

ijs
respectively.

Accordingto the perturbationtheory, the perturbedeigensolutions
can be expressed as the analytical function of ¢:

M=o+ el +E A+ -, i=1,2,...,2n (10a)
X =xj+ex; +exp+, i=1,2,....2n (10b)
Yi =Yoo+ eya+ eyt i=1,2,....2n  (10c)

Inserting Egs. (10) into Egs. (8), considering Egs. (7), collecting
coefficients of the same power of ¢, and ignoring third-order terms
in the perturbations, we obtain for function &'

Koxi1 + Kixio = LioMox;1 + AioMixio + Ajt Mox;o
i=1,2,...,2n (11a)

K()Tyl‘l + KlTyz‘o = )»ioMgTyz‘l +)»i0M1Tyz‘0 +)»i1M0Tyz‘0

i=1,2,...,2n (11b)
and for function &2
Koxin + Kixiy = hioMoxia + hioMixi1 + Ajy Moxi)
+ Xt Mixi0 + AiaMoxio, i=1,2,...,2n (12a)
Klyin + K[ yi = oMy + oMy + A M| yir
+ 2 MTyio + A ML yio, i=1,2,...,2n (12b)

Introducing Eq. (10b) into Eq. (9a), considering Eq. (6), and ne-
glecting third-order quantities, we have for function &'

(mi

X =0, i=1,2,...,2n (13a)
and for function &2
xy =0, i=12..,2n (13b)

Substituting Egs. (10b) and (10c¢) into Eq. (9b), employing Eq. (5),
and neglecting third-order quantities, we have for &'

y,‘T()MOxil +yiT1M0xi0 +yiToM1xi0 =0, i=1,2,...,2n

(14a)
and for &2
T T T T T _
YioMoxi» +y; Mox;; +y,oMix;y +y; Mix;o +y;,,Mox;o =0
i=1,2,...,2n (14b)

Up to this stage, we have obtained all of the necessary fundamen-
tal equations for the analysis.

Perturbed Eigensolutions in the Case
of Distinct Eigenvalues

Expanding the first-order perturbed eigenvectors in the original/
unperturbed eigenvectors as follows:

2n

Xi= ) cin. i=1,2,...,2n (15a)
j=1
2n

Yir = Zd,‘jlyj(), i = 1,2, e ,211 (ISb)

j=1

substituting Eq. (15a) into Eq. (11a), premultiplying by y]TO, and
using Eq. (5), we have

Cijl()‘jo_)\i())""y]ro(l(l — AioM1)x;o =)~i15ij (16)
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Letting i = j, we obtain the first-order eigenvalue perturbations
Al = yiTo(K 1

On the other hand, for i # j, we obtain

— AioM1)x;0, i=1,2,....2n (17)

yjrg(Kl — XioM)x;o

Jonii#j (18)
Aio — Ajo

Cij1 = N l,j:1,2,
Inserting Eq. (15b) into Eq. (11b) and postmultiplyingthe transpose
of the sequent equation by x;9, we have d;;; (X ;o — A0) +yl.TO(K1 —
AioM\)xjo = A;18;;. For i = j, we once again obtain A;;; for i # j,
we obtain

di = Yio (Ki = dioM1)xjo

i - ) i,':1,2,...,
" o — A /

2nyi#j  (19)

It is evident that ¢;;; and d;;; remain unknown. In Refs. 5 and 8,
the two coefficients are omitted; in Refs. 6 and 7, they are defined
under the assumption of ¢;;; =d;;;. These two treatments are not
always mathematically strict. To improve this situation, now let us
determine c¢;;; and d;;; via Egs. (6) and (9a).

Premultiplying Eq. (15a) by y, M, and considering Eq. (5), we
have

Ciil =yl.T0M0xil, i = 1,2,...,21’! (20)
Postmultiplying the transpose of Eq. (15b) by Myx;, and using
Eq. (5), we have

d;iy =yiT1Moxio, i=1,2,...,2n 2n

Substituting Eqs. (20) and (21) into Eq. (14a), we obtain
¢ +din =—yiT()M1xio, i=1,2,...,2n (22)
In view of Eq. (13a) and considering Eq. (6), we have

2n

_ (mj)
Ciij1 = — E l]lx](]l ,

j=1#i

i=1,2,...,2n (23)

Substituting Eq. (23) into Eq. (22), we obtain

2n
diy = Z l,lx(,'g’ _y,‘T()MlxiO»
J=1, i
Synthesizing Eqgs. (15), (17-19), (23), and (24), we obtain the
whole first-order perturbations as follows:

i=1,2,....2n (24)

A =5 (K = MioM )xi0, i=1,2,....2n (252

2n y]T'()(Kl = XioM)x;o
Ao — Ajo

(xjo = x5 xi0)

i=1,2,...,2n (25b)

Yjo

2n
ylo(Kl — hioM1)xjo
= Z X0 — %70

10_)"]0

- y]()(Kl — dioM1)xio (m,
Z ylo 1Xio0 [Yio

j=1#
i=1,2,...,2n (25¢)

To compute A, X;,, and y;,, we first expand x;, andy;, inx;, and
Yio:

2n

X =) X i=12..2n (26a)
i=1
2n

inZZdiijj()» i = 1,2,...,2” (26b)

i=1

Using the same pattern and working with Eqs. (12), (13b), (14b),
and (26), we conclude that the second-order perturbations have the
form

A :yiT()(Kl —XioM; — A My)x;, — )‘ilyl‘T()MlxiO

i=1,2,...,2n (27a)

ZZ Yiol (K1 = higMy = hiy Mo)xiy — diy Mixio)
j= Aio = Ajo
x (xjo = x5 xi0), i=12....2n 27b)

y,l(Kl — AioM, — )»leo)xjo zly,() 1Xjo
)"10 )"]0

<
0~

I
-0

Jjo

‘fL

]0[(1(1 — AioMi — At Mo)xii — Ait Mixi0] (mi)
X0

i0
Aio — Ajo

[M.\, h

- (lel Mox;, +yiT()M1xi1 +yiT1 Mlxi())ym
i=1,2,...,2n (27¢)

Perturbed Eigensolutions in the Case
of Repeated Eigenvalues

When the solution of Egs. (4) produces m repeated eigenval-
ues, i.e., Lio=2Ai41,00="""=Ai+m—10 = Ao, then computation
of perturbations of the eigensolutions is not straightforward. The
complicationis related to the left and right eigenvectorscorrespond-
ing to the repeated eigenvalues not being unique. In fact, an infinite
number of linear combinations of the eigenvectors,e.g.,

i4+m—1
=2 pyio=ep® (282)
j=i
i4+m—1
= 3" qPxj0=.q" (28b)

j=i

will satisfy Egs. (4), where k=1, 2, ...,

q(k) are to be determined and

oo; coefficients p(jk) and

o, = [yl'o,.)’(i+1.0>, ---»y(i+m—1.0)]
®) — [0 () (k) T
p [ i ’pl+1""’pl+m ]
(29)
¢ = [xi07x(i+l.0)» ---»x(i-%—m—l.())]

(k) ) (k) (k) T
q“ =[g". ¢ a1

Substitution of y(k) and x(k) in Egs. (28) for y;o and x;0 in Egs.
(10) and considerationof alternating the associated superscript and
subscriptindices yields

Ap=djotehp et -, j=hidl . itm—1
(30a)
x;=x tex; +elxp+ oo, J=iit . itm—1
(30b)
Y=y ey eyt J=ii+1,. . i4+m—1
(30c)

Comparison of Egs. (30b) and (30c) with Egs. (10b) and (10c) re-
veals that the only differencelies in the first terms on the right-hand



sides. Substituting Egs. (15) into Eq. (11a), considering the alter-
nations of the associated indices, and premultiplying the sequent
equation by y!;, we obtain

2n
ykTg(Ko — XjoMy) chllxl() +y[0(K1 - )\jOMl)(bxq(j)

=1
= )vjly]{oMr)‘l’xq(j)

j=ii+1,....i+m—-1, k=1,2,...,2n (31)
By considering Eqs. (5) and (28b), Eq. (31) is changed to a new
m-order standard eigenvalue problem:

AQ = QA (32)

Similarly, working with Egs. (5), (11b), (15), and (28a), we obtain
the adjoint eigenvalue problem of Eq. (32):

ATP = PA (33)

where

A= ¢>T7(K1 — AoM1) oy, P = [p<i>,p<i+1>, ___’p(i-%—m—l)]

Q:[q(i)’q(i+l)’.“’q(i-%—m—l)] (34)
A= diag[)»il, )»(i+1.1), ceey )\(H—m—l.l)]

Substituting Eqs. (30b) and (30¢) into Egs. (9) and considering
Eqgs. (5) and (6), we have

@) ¢ pq? =1, j=ii+1,...itm—1 (352)

(pu))Tq(j) =1,

which are the associated normalization conditions correspondingto
Eqgs. (32) and (33), respectively.

Solving Egs. (32) and (35a), we obtainA;; (j=i,i+1,...,i+
m — 1), which are the first-order perturbations of the m repeated
eigenvalues. Meanwhile, we obtain the unique m right eigenvec-
tors ¢, i.e., the m coefficient vectors to be determined. Solving
Egs. (33) and (35b), we obtain A;; once more and the unique m
left eigenvectors p'”. In fact, considering Eqs. (28), we uniquely
determine the eigenvectorsxé’ ) and yé’ " in Egs. (30) corresponding
to the repeated eigenvalues in the unperturbed system.

As was already pointed out, Egs. (30) are the same as Eqs. (10)
in form. Therefore, with the knowledge ofxé’) andyé’) in Egs. (30),
the same solution procedure can be performed as discussed in the
precedingsection. In the perturbedeigensolutionsfor distincteigen-
values, i.e., in Eqs. (25) and (27), if j, k=i, i+1,...,i+m—1,
only two substitutionsare required:

j=iLi+1,...,i+m—1 (35b)

() (k)

H) ®
x;jo (orxyg) — xg” (orxy’), )

Yjo (0ryr) = ¥, (OrYO ) (36)

thus giving the perturbations for the case of repeated eigenvalues.
Moreover, at this time the notation

2n
pay
j=1,#i

in Egs. (25) and (27) indicates j =1,2,...,2n, but j #i,i + 1,
..., +m— 1 because of the m repeated eigenvalues.

Ilustrative Example
The equations of motion of the system given in Fig. 1 are

mig, +ciq, + ki +k)g — kg, =0
(37)
myg, + €24, + (ko +k)q, — kg, =0
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Table 1 Eigensolutions of the unperturbed system (k = 0)

Ai0 Xi0 Yio
—0.254+0.968245 —1.11803 £ 0.86603i —0.22361F0.28868i
1.11803 £ 0.86603i 0.22361F0.28868i
0 0
0 0
—0.254+0.968245i 0 0
0 0
—1.11803+£0.86603i —0.22361F0.28868i
1.11803+£0.86603; 0.22361F0.28868i
k mn "y ky
;—\/\/\/— k AN
1] M §
A L=
c, q, 9> )

Fig.1 System with repeated eigenvalues.

Introducingstate variablesx = [¢,, 1, §,, 4217, we have Kx = Mx,
in which

—c; —(ky +k) 0 k

’V 1 0 0 0
k=10 ko = —(k+h)

L 0 0 1 0 J

m 0 0 0
0 1 0 O
M=10 0 m o
[ 0 0 O IJ
Appointing the system of kK =0 to be the unperturbed one, we
have

¢, =k, 0 0 0 —k 0 &k
[ 1 0 o0 o0 —‘ [o 0 0 0

K=o & —¢ —ki+ Ki=iog r 0o =
[ o 0 1 0 J [0 0 0 OJ

M():M, 8M1:0

Supposingm; =m, =k, =k, =1, ¢, =c, =0.5, and k =0, the un-
perturbed eigensolutions obtained by the QR method?® are listed in
Table 1, in which there are two groups of repeated eigenvalues. Let-
ting k = 0.1, the perturbed eigensolutionsare listed in Table 2. Note
that the eigenvectors are normalized by Egs. (5), (6), and (9), but
they are presented in the well-known complex-conjugate form in
Tables 1 and 2 through a simple operation. This is merely a matter
of the beauty of mathematics.

Table 3 lists the differences between the eigensolutions obtained
by the present method (PM) and the QR method. The definition of
the differencesis

AXi = (X)pm — ()‘i)QR (38a)
Ax; = (x;j)pm — (xi)QR (38b)
Ay, = (y)em — 0i)or (38a)
The relative errors of the eigensolutions are defined as
[A%;]
;= x 100% (39a)
[(Ai)orl

4/ AxiHAxi
X = — ———
v/ (xi)gR(xi)QR
NINTINY
Ey = Y25 2% 100% (39¢)

£/ ()’i)gR()’i)QR

The relative errors are also listed in Table 3 in parentheses.

E x 100% (39b)
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Table 2 Eigensolutions of the perturbed system (k =0.1)

Method Ai X yi
QR —0.25£0.96825i —0.79057+0.61237i —0.15811F0.20412
0.79057+ 0.61237i 0.15811F0.20412;
—0.79057+0.61237i —0.15811F0.20412i
0.79057+ 0.61237i 0.15811F0.20412;
—0.25£ 1.0665i 0.93367F 0.49237i 0.18360+0.15959¢
—0.63213F0.72725i —0.124314+0.23571i
—0.93367+0.49237i —0.18360F0.15959i
0.632134+0.72725i 0.12431F0.23571i
Present —0.25+£0.96825i —0.79057+0.61237i —0.15811F0.20412i
(first order) 0.79057+£0.61237i 0.15811F0.20412;
—0.79057+0.61237i —0.15811F0.20412i
0.79057+£0.61237i 0.15811F0.20412;
—0.25+1.0715¢ 0.98031F0.53072i 0.183414+0.14969
—0.66408F0.77567i —0.120174+0.23134i
—0.98031+0.53072i —0.1834150.14969:
0.66408+0.77567i 0.12017F0.23134;
Present —0.254+0.96825i —0.79057+0.61237i —0.15811F0.20412
(second order) 0.79057+0.61237; 0.15811F0.20412
—0.79057+0.61237i —0.15811F0.20412
0.79057+0.61237; 0.15811F0.20412
—0.25+1.0660i 0.94489F0.47629 0.1844240.16058!
—0.61601F0.73757i —0.12371£0.23678i
—0.94489+0.47629 —0.18442F0.16058i
0.60601+0.73757i 0.12371F0.23678i

Table 3 Errors of the perturbed eigensolutions (k =0.1)

Order A)\.l‘ (E)\l‘) Ax,' (EX,‘) Ayl‘ (Eyl‘)
First 0 0 0
) 0 0
0 0
0 0
(0) (0)
+0.005i 0.046643-0.03835i —0.0001930.00990i
(0.41669%) —0.03195F0.04842i 0.0041450.00437i
—0.04664+0.03835i 0.0001940.00990i
0.03195+£0.04842i  —0.0041440.00437i
(5.8587%) (3.4324%)
Second 0 0 0
(0) 0 0
0 0
0 0
(0) (0)
F0.0005: 0.011224+0.01608i 0.00082 £ 0.00099i
(0.041669%) 0.0161230.01032 0.00060£ 0.00107i
—0.01122F0.01608  —0.00082F 0.00099i
—0.01612+0.010327  —0.00060F 0.00107;
(1.9172%) (0.49247%)

There are two problems not discussed in the paper but that are
worthy of consideration. For many systems, especially for large
complicated structures, quite often it is difficult to obtain all of the
eigensolutions. In this situation, truncated modal analysis'® may
need to be performed. On the other hand, some of the non-self-
adjoint systems with repeated eigenvalues may be defective, which
requires a more thorough investigation.

Concluding Remarks
From the results as shown in Table 3, it can be observed that,
in the case of repeated eigenvalues, the first-order perturbed eigen-
solutions obtained by the present method have sufficient precision
compared with the numerical solutionscalculatedby the QR method

and that the second-order approximations are nearly equal to the
QR solutions. Therefore, it can be predicted that the present method
will very likely give calculated results sufficiently accurate for en-
gineering purposes in the case of large complicated structures.
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